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. For intermediate times t < t , the exponent satisfies a scaling law f =l 1 , where is the nonlinearity strength and l 1 is the localization length of the corresponding random system with 0. For t t and > cr we find a universal decay with 2=3 which is a signature of the nonlinearity-induced delocalization. Experimental evidence should be observable in coupled nonlinear optical waveguides. DOI: 10.1103/PhysRevLett.93.190604 PACS numbers: 05.60.Gg, 42.65.-k, 72.10.-d A fundamental source of physical information is timeresolved decay measurements in quantum mechanical systems which are coupled to a continuum via metallic leads or absorbing boundaries. While the radioactive decay is a prominent paradigm, more recent examples include atoms in optically generated lattices and billiards [1, 2] , the ionization of molecular Rydberg states [3] , photoluminescence spectroscopy of excitation relaxation in semiconductor quantum dots and wires [4] , and pulse propagation studies with electromagnetic waves [5] . Motivated by the experimental achievements, the dynamics of open quantum systems has also gained considerable interest from a theoretical perspective and various analytical techniques have been developed to study the problem in more detail [6 -13] . One possible approach to the problem is to consider the survival probability Pt of a wave packet which is initially localized inside an open sample of size N. The total current leaking out of the sample is then related to the survival probability by Jt ÿ @Pt @t . For ballistic/chaotic systems [7] , and for random systems in the metallic regime [9] , Pt is by now well understood. Recently, also quantum systems with a mixed classical phase space have been studied [10, 13] , where it was found that Pt 1=t. The same algebraic decay was found [10] for disordered (or dynamical) systems with exponential localization [14 -16] . In both cases, this law is related to localization and tunneling effects, and applies for intermediate asymptotic times [10] . For larger times, localization effects lead to a log-normal decay of the survival probability [9] .
The subject of the present paper is the survival probability in a new setting, namely, a class of random systems where the evolution is governed by a discrete nonlinear Schrö dinger equation (DNLSE) (see [17] and references therein); that is,
Here, j n tj 2 denotes the probability for a particle to be at site n at time t, H nm is a random tight-binding Hamiltonian, and is the strength of the nonlinearity. The nonlinear term in Eq. (1) can arise due to a mean field approximation for many-body interactions, e.g., in the Gross-Pitaevskii framework for Bose-Einstein condensates [18] , or it can result from the description of a quantum mechanical particle which moves in a random potential and interacts strongly with vibrations [19] . The DNLSE can be also viewed as a description for the energy transfer in proteins [20] . Finally, in the context of optics the DNLSE is capable of describing wave motion in coupled nonlinear optical waveguides [21] [22] [23] . In the latter case the longitudinal space dimension of the waveguide plays the role of the time variable.
Here we present for the first time the consequences on the decay of the survival probability Pt, i.e., on the flux out of the sample when coupling a nonlinear random system like Eq. (1) to the continuum via absorbing boundaries (or conducting leads). In particular, we find that for intermediate (but large) times
where C is some constant and f is a universal scaling function which encodes the interplay between the nonlinearity and the disorder. We find that f < 1 while f 0:35 0:05 where O1. Moreover, for nonlinearity strengths above the delocalization border cr at which localization phenomena are destroyed [23] , and for times t > t N 2= =l 1
2
(where 2=5 is determined by the asymptotic spreading of the wave packet's variance vart t ), we find a universal asymptotic power-law decay
The intermediate power law (2) is observed for a large class of localized initial excitations (i.e., -like, narrow VOLUME 93, NUMBER 19 Gaussians) near the surface of the sample which have attracted both experimental and theoretical interest [5,10 -13] in recent years. On the other hand, (3) is independent of the initial condition and applies as soon as the wave packet is spread ergodically over the sample. Our results (2) and (3) are confirmed numerically and are supported by theoretical arguments.
To investigate the decay of the survival probability we use a modified version [23] of the kicked rotor (KR) with absorbing boundary conditions [10] . Based on the similarities [15, 16] between dynamical and Anderson localization, it is expected [23, 24] that the same dynamics will be generated by Eq. (1). The discrete quantum mechanical evolution from time t to time t 1 (measured in units of a kick period T) is described by the map
where the Bessel function J nÿm appears as the result of the kick described by the operator U kick expÿik cos. Here, denotes the angle, n is the angular momentum, while K kT is the classical kicking strength. The parameter can be interpreted as an Aharonov-Bohm flux through the ring parametrized by the coordinate . In contrast to the standard KR now the kinetic term depends on the wave function probability. The modified KR (4) models propagation of nonlinear waves in optical fibers with a change of the optical density inside the waveguide [22, 23] . The same model approximately describes propagation in waveguides with longitudinal sinusoidal modulation of the boundary [22, 23] .
The dynamics of the model (4) for 0 is by now well studied. The classical motion is chaotic and for sufficiently large values of K there is diffusion in momentum space with diffusion coefficient D ' k 2 =2 [15] . The most striking consequence of quantization is the suppression of this classical diffusion due to quantumdynamical localization [15] , the dynamical version of the well-known Anderson localization [14] . The eigenstates of the associated unitary operator U are exponentially localized with a localization length l 1 ' k 2 . The dynamical localization, however, was found to be destroyed for nonlinearity strengths > cr 1=T [23] . A subdiffusive growth vart Tl 1 4=5 t of the wave packet's variance emerged, leading to a uniform spreading over the whole sample. The value 2=5 was deduced in [23] on the basis of the Chirikov criterion of overlapping resonances and was found to be in reasonable agreement with numerical results. For times t > t N 5 =Tl 1 2 the subdiffusion leads to a uniform distribution of an initially localized wave packet over the sample of size N.
To open the system described by Eq. (4) we additionally apply a projection operator P to the wave packet in a fixed interval of momentum states 0 n N, i.e., j~ ti P j ti. Thus, P describes the complete deletion (absorption) of the part of the wave packet which propagates outside the given interval. The survival probability inside the sample at a time t is then given by pt j~ tj 2 h~ tj~ ti. To suppress fluctuations, we concentrate on the geometric average of pt, i.e.,
where hi indicates an averaging over different phases (typically more than 20). The initial excitation (unless stated otherwise) is a -like wave packet launched at one of the boundaries, i.e., n t 0 n;0 . In our numerical calculations, we have used K kT 7 and k 3; 5; 7; 9; 13, while the sample length N was chosen to fulfill always N l 1 . Because of localization, the survival probability shows a decay Pt 1=t for 0 [10] .
In Fig. 1 we report the survival probability Pt for k 5, N 1024 and three representative values of the nonlinear coupling ( 1; 15; 200) . In all cases, Pt clearly displays a power-law decay Pt t ÿ for times t < t . The exponents for various nonlinearities and localization lengths l 1 are summarized in Fig. 2 . All curves have the same functional form, albeit being shifted with respect to each other (Fig. 2, upper inset) . The curves do coincide, however, when plotting them versus =, where is a scaling parameter (Fig. 2 , main part). We find that the scaling parameter depends linearly on l 1 (Fig. 2 , lower inset) resulting in a oneparameter scaling of the power-law exponent according to Eq. (2). Our data indicate that for < 0:5 localization effects are dominant and the survival probability decays as Pt 1=t. In the opposite limit of large nonlinearities the decay of Pt follows a universal law Pt 1=t with 0:35 0:05. We found that the smooth transition between the two limits is characterized by the scaling function f 0:35 0:65 expÿ 3=2 . In Fig. 3 we report the spatiotemporal evolution of the wave packet for two limiting values of in a density plot. For 1 the initial excitation is essentially localized in a region close to the absorbing boundary, covering the interval 0 n l 1 in a uniform manner [ Fig. 3(a) ]. This is the same behavior as found for 0 (data not shown). As the nonlinearity increases, subdiffusion takes over, leading to a spreading of the dominant fraction of the wave function into the bulk of the sample. This results in a gradual depletion of the wave function from the boundary zone and a creation of an effective potential barrier, the height of which increases with the nonlinearity strength as V t ÿj n tj 2 . This barrier traps the probability inside the bulk of the sample and obstructs the outwards flux, thus leading to the observed slow decay of Pt for intermediate times t < t [25] . We want to understand the one-parameter scaling of the power-law exponent ; l 1 f (see Fig. 2 ). We recall that the slow decay to the continuum in the presence of the nonlinearity is due to tunneling through a barrier of height V j j 2 which is created in a regime n l 1 from the boundary. Assuming that for very small nonlinearities the components n of the wave packet are similar to the case 0, i.e., j n j expÿn=l 1 = l 1 p , we obtain V =l 1 . The barrier is totally transparent if V E, where E O1 is the energy of the excitation. Consequently, we get that =l 1 O1 indicating that the ratio =l 1 controls the behavior of Pt and therefore the value of [see Eq. (2)].
Next, we give a qualitative argument for the power-law decay (2) when & . We start with the perturbative expression for the survival probability for 0 [10] , i.e.,
where jc k j 2 jh t 0ju k ij 2 expÿ2k=l 1 =l 1 are the overlaps of the initial state j t 0i with the exponentially localized eigenstates ju k i of the operator U [Eq. (4)] for 0. The decay Pt 1=t results from Eq. (6) when using ÿ k T k expÿ2k=l 1 =l 1 , where T k is the transmission probability of the kth mode. In the presence of a nonlinearity, it is known that the transmission probability still decays exponentially [24, 26] , and therefore it is reasonable to assume that T k expÿ2k=l , where l l 1 is an effective length determined by both the tunneling through the barrier V and the disordered potential. Since the existence of the barrier additionally hampers the transmission T k with respect to 0, it is reasonable to assume that < 1. Substituting this expression for T k into Eq. (6) we obtain Eq. (2). For times t t and > cr , the subdiffusion leads to an ergodiclike distribution of the initial excitation over the whole sample [23] . A simple approach based on a modified diffusion equation suggests that Pt should consequently decay in a stretched-exponential manner [27] . It is thus surprising that our data contradict this very expectation (see Fig. 4 ). In fact, we find a universal power-law decay with exponent 2=3. This can be understood by working in the basis of localized eigenstates ju k i of the linear case ( 0). In this representation, we can estimate the transition rate from a quasienergy level E k to other levels in a distance vart p to be ÿ k T 2 =vart 3=2 [23] . Thinking semiclassically, the latter can be associated with the escape time t k ÿ ÿ1 k of a particle that was initially located at a distance vart p from the absorbing boundary. At any time t the number of particles with inverse escape FIG. 3 (color) . Density plots of a wave packet evolution for (a) 1 and (b) 50 (parameters as in Fig. 1 ). Notice the development of probability depletion near the absorbing boundary for 50 which leads to the creation of a potential barrier V ÿj n tj 2 . The time axis and the color-coded height of the wave function [see inset in (a)] are both on a log scale. times ÿ k > t ÿ1 is thus given by vart p T 2 t 1=3 . As the probability to survive inside the sample up to a time t is given by Pt / d=dt [10] , this leads to Pt T=t 2=3 , in agreement with our data (see Fig. 4 ).
We have checked also that for < cr localization effects are dominant leading to a decay of Pt as in the case of 0 [9, 10] . Finally, in the limit t ! 1, j n tj vart t is independent of on time scales on which we observe Eq. (2); this also was true for the exponent of the return probability P s t jh 0 j tij 2 . Therefore, subdiffusion alone cannot explain the dependence .
[26] B. Doucot and R. Rammal, Europhys. Lett. 3, 969 (1987) .
[27] Following [5] , we can use a diffusion equation with a time-dependent diffusion coefficient and absorbing boundaries to obtain Pt expÿ R t 0 Dt 0 dt 0 . For Dt D 0 , we obtain an exponential decay of Pt; in our case Dt t ÿ3=5 leads to Pt expÿt 2=5 . This approach can also take localization corrections into account [5, 8, 9] . 
